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Abstract. The Cohen-Macaulay locus of any finite module over a noetherian 
^J ' local ring A is studied and it is shown that it is a Zariski-open subset of Spec A 

in certain cases. In this connection, the rings whose formal fibres over certain 
^ ' ^ prime ideals are Cohen-Macaulay are studied. 

. 1. Introduction 

•^r , Assume that M is a module of finite dimension d over a noetherian ring A. For an 

(— I , ideal a of A, denote Hjj(M) as the ith local cohomology module of M with respect to a 

j^ , to be the ith right derived functor of the section functor Fa (A/) := {x e M : o"a; = 

for some positive integer n}. 

The Cohen-Macaulay locus of M is denoted by 
. , CM(A/) := {p G Spec A : Mp is Cohen-Macaulay as Ap-module}. 

OO , Trivially the Cohen-Macaulay locus of a Cohen-Macaulay module is Spec^ and of 

(y-v I a generalized Cohen-Macaulay (g.CM for short) module M over a local ring {A,m.) 

CN I (i.e. each local cohomology module HJ„(M) has finite length for all i < d) contains 

C"^ I Spec A \ {m} (c.f. [1, Exercise 9.5.7]). In these cases CM(M ) are Zariski-open subset 

(^ ' of Spec^. 

The topological property of the Cohen-Macaulay loci of modules is an important 
tool. In [71 Theorem 8.3], T. Kawasaki shows that when the ring A is catenary, the 
^^ ■ openness of CM(i3) of any finite A-algebra i? is a crucial assumption if one expects 

t^ . all equidimensional finite j4-module M (i.e. dim^(M) = dimA/p for all minimal 

prime p G Suppyi(A'f)) have finite Cousin complexes (see Notation 1.1). 

The Cohen-Macaulay loci of modules have been studied by many authors. 
Grothendieck in [5] states that CM(M) is an open subset of Spec A whenever A 
is an excellent ring. In [TT], C. Rotthaus and L. §ega study the Cohen-Macaulay 
loci of graded modules over a noetherian homogeneous graded ring A = ® jgpj Ai 
considered as Ao^modules. In [51, Grothendieck shows that CM(A) is open when 
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A possesses a dualizing complex. In [21 Corollary 2.3], the first author shows that 

CM{A) is open when ^ is a local ring all of its formal fibres are Cohen-Macaulay and 

satisfying the Serre condition (5*2 ), the condition which is superfluous (see Remark 

3.4). 

On the other hand Sharp and Schenzel in [TBI Example 4.4] show that M is Cohen- 

Macualay if and only if the Cousin complex of Ca{M) is exact. Thus CM(M) = 

Spec A \ U,,>_iSuppA(ff'(Cyi(A^))), where H''{CAiM)) denotes the ith cohomology 

module of Ca{M). This fact simply implies that CM(Af) is open whenever Ca{M) 

has finite cohomology modules. The authors in [3l Theorem 2.7] show that if Ca{M) 

has finite cohomology modules then M has a uniform local cohomological annihilator 

(i.e. there exists an element x G A\ U p such that a;Hj,^(Af) = for all 

peMin^(M) 
i < dim^(A/) for all maximal ideals m oi A). 

Section 2 is devoted to study the set of attached primes, Att ^(HJ„(M)), of ith 
local cohomology module of M, over a local ring (A, m), with respect to m. The 
set Att a(H5^~^(M)) is determined, as an analogy of the formula Attyi(H^(M)) = 
Assh^(M), under assumption that Ca{M) is finite (Proposition 2.3 and Corollary 
2.6). 

In Section 3, we discuss about the Cohen-Macaulay locus of M. Lemma \^^ shows 
that in order to study openness of CM(M), in the case A/0 :a M is catenary, it is 
sufficient to assume that M is equidimensional. A new characterization of generalized 
Cohen-Macaulay rings is given in terms of uniform local cohomological annihilators 
(Corollary 3.12). As non-Cohen-Macaulay locus of M is closed if and only if the 
set of its minimal members is finite, under some mild assumptions we prove that the 
set of minimal members of non-CM(Af) is a subset of the union of Att ^(II^(M)), 
< i < d and non-CM(A) (Theorem 3.13). As a result we show that the Cohen- 
Macaulay locus of any finite module over a noetherian local ring A is a Zariski-open 
subset of Spec A if A is catenary and the non-Cohen-Macaulay locus of A is a finite 
set (Corollary 3.14). 

In Section 4, we prove that M has a uniform local cohomological annihilator if 
and only if M is equidimensional and the formal fibres over minimal members of 
Suppyi(M) are Cohen-Macaulay (Theorem 4.2). As a result we obtain the following 
interesting equivalence (Corollary 4.3): 

(i) A is universally catenary ring and all of its formal fibres are Cohen-Macaulay. 

(n) The Cousin complex Ca{A/p) is finite for all p G Spec (A). 

(iii) A/p has a uniform local cohomological annihilator for all p £ Spec (A). 
Moreover, the defining ideal of non-Cohen-Macaulay locus of M is given concretely 
under the finiteness of CaIM) (Corollary 4.5). 
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Notation 1.1. Let M be an A-module and let Sj — {Hi : ^ > 0} be the family of 
subsets of Suppa(M) with Hi = {p e SuppA(M) : dimAp(Mp) > I}- The family ^ 
is called the M-height filtration of Supp^(A/). Recall that the Cousin complex of M 
is the complex 

(1.1) Ca{M) : ^ M-i ^ Af" ^ Ml A • ■ • ^ Af' ^ A/'+i ^ • • • , 
where Af^^ = M, Af' = © (Cokerd'"^)„ for / > -1. The homomorphism 

p&Hi\Hi + i 

S : Af' — > Af'+i has the following property: for m G Af' and p E Hi \ ff;+i, the 
component of S^m) in (Coker (i'~i)p is m/1, where ~: Af' — > Cokerd'"-'^ is the 
natural map (see |T5] for details). We choose the notations 

fsT' i^Kerd',!?' := Imd'-\ T^^i^f ■= K^/D\1 = -1,0,--- . 

We call the Cousin complex Ca{M) finite whenever each H^v^ is finite as ^-module. 
We have the following natural exact sequences: 

(1.2) — > M^-^/K^-^ — > Af' — > M^/D^ — > 0, 

(1.3) — > HJv^i — > M^-^/D^-^ — > M^'^/K^-^ — > 0, 
for aU / > -1. 

2. Attached primes of local cohomology modules 

In this section we assume that {A, m) is local and that Af is a finite A-module 
of dimension d. Although the main purpose of this section is to find the main tool 
Corollary 2.6 to be used in the proof of Lemma 3.11, the results are about the relations 
between the set of attached primes of local cohomology modules Hj,^(Af) and the 
cohomologies of the Cousin complex of Af , which are interesting on their own. 

The following result explains the situation where all cohomology modules T-L\i of 
the Cousin complex of M are local cohomology modules of Af . 

Lemma 2.1. Assume that (A, m) is a local ring and that i is an integer with < i < d. 
The following statements are equivalent. 

(i) dim^(H^j) < for all j with —1 < j < i. 

(ii) H^^iM) ^ n\j for all j with -1 < j < i. 

Proof. Assume that s is an integer such that < s < d and dimyi(H^7^) — ^■ 
Consider the exact sequence (1.2) with / = s which gives the exact sequence 

Ri-\A'n -^ H*7i(AfVf^^) -> H*,(Af^-Vi^^-^) -^ KiMn 

for all integers t. As s < d, by J_3j Theorem], we get 

(2.1) }i*-\MyD') ^ Ul^iM'-^/K'^-^). 
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Next consider the exact sequence (1.3) with / — s which gives the exact sequence 

Choosing i > in the above exact sequence we obtain that 

(2.2) Hl^iM'-^/D'-^) ^ lll^{M'-^/K'-^). 
As a consequence, from (2.1) and (2.2), we get 

(2.3) Rl^iM'-^/D'-^) = ll*~^{MyD') 

for all t > 0. 

(i):^ (ii). Let -1 < j < i. By repeated use of (2.3), we get W^^{M-^/D-^) = 
Rl,{]VP/Di). From the exact sequence (1.2) with / = j + 1 we have HI,{M^/K^) = 
(because j + I < i < d and [131 Theorem]). Hence the exact sequence (1.3) with 
l^j + 1 implies that H^(MVI>^) = H^(Hm) = ^m- Therefore li^\M) = Ulj. 

(ii)^ (i) is clear. D 

Recall that an artinian A-module N admits a reduced secondary representation 

N = Ni-\ h A'^r so that pi = Ann a (N/Ni) is a prime ideal oi A,l <i <r. Denote 

the set of attached primes of A^ by AttA(A^) — {pi)---,Pr}. Each Ni is called a 
pi-secondary module. 

Lemma 2.2. Assume that {A,m) is local and that < t < d is an integer such that 
dim. Ai'H\j) < t — i — I, for all i > —1 ( t = d — 1 is an example, see ^12, 2.7 (vii)]J. 
The following statements hold true. 

(i) Att^(H:,(A/))C U AUA{ii'-^-\Hl,)). 

i=-l,...,t-l 

(ii) There is an epimorphism H^(M) ^> H^(?^^^ ). 

(iii) Assume that Ca{M) is finite. Then Tij^ is non-zero if and only i/ m G 
AttA(H^(M)). 

Proof, (i). We prove by induction on j, —1 < j < i — 1, that 

(2.4) Att^(H:,(Af))C U AUA{ii'-'-\nit))\jAttA{li'-^-\AP/K^)). 

Due to dim a{'H\j) < t — i — 1, the Grothendieck vanishing theorem implies that 
H^X^m) — 0- The exact sequence (1.3) with I — implies the exact sequence 
H^(^M ) -^ KiM) -^ H^(M-Vir-i) -^ 0. Thus we get 

Att^(H^(Af)) C Att^(H*,(Hj/))UAtt^(H^(Af-Vi^-')). 
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Assume that -1 < j < t - 1 and (2.4) holds. Fhst note that (1.2) with I ^ j + 1 
imphes the exact sequence 

As -1 < j < i - 1, H^"^^2(AP+i) = and H^"^^^(A'P+i) = (c.f. [H Theorem]). 
Therefore 

(2.5) Rl^^-\A'P+^/D^+^) ^ }1*^^'\AP/K^). 

On the other hand from the exact sequence (1.3) with / = j + 2 we have the exact 

sequence 

(2.6) 

a'r^'-'miV) ^ R'^^-\AP+'/D^+') -^ Rl^^-\AP+'/K^+') ^ Rl^-\niV). 

As Rl^^^^i'H-'j^ ) — 0, (2.5) with the exact sequence (2.6) imply that 
(2.7) 
AUA{n*-'-\AP/K^)) = AttA(H*,-^-2(AP+7DJ+i)) 

CAtt^«-^-2(Hif))UAtt^(H:,-^-2(AP+Vir^-+i)). 

Now, (2.7) and (2.4) complete the induction argument. Thus we have 

Att^(H;(M)) C U AttAili'-'~\nW))[JAUAiKiM'-'/K'-')). 

On the other hand, considering the fact that H"^(Af*) = 0, it follows from the exact 
sequence (1.2) with I = t that R^{AI*-'^ /K*'^) = 0. 

(ii). Consider the exact sequence (1.2) with I — t — i which imply the exact sequence 

RI^^{AP-') -^ R'^-^iAP^'/D*-') -^ Rl^{Ap-'~^/K*-'-^) — > HJ„(Af*-*). 

Taking < i < i we get < i - i < i < d and so HJ„(M*-*) = = HJ^^Af*-*) (c.f. 
[131 Theorem] ) . Therefore we have isomorphisms 

(2.8) Rl^^{Ap-yD'-') = Rl^{Ap-'-^/K*"-^) 

for al\i,0 <i< t. 

Consider the exact sequence (1.3) with I — t ~ i which induces the exact sequence 

As, by assumption dim^(7{^^*~"'^) < i, we have H^"'^('H^^*^^) = and so one obtains 
an epimorphism 

(2.9) HJ„(M*-*-V£'*"'"^) ^ HJ„(M*-'-Vif*-*-i). 
By successive use of (2.9) and (2.8) one obtains an epimorphism 

Rl{M-^/D-')^Rl{Ap-^/D'-^). 
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On the other hand, we have seen at the end of part (i) that, we have ll'^{AI^~^ / K*'^^) = 
0. Therefore, from the exact sequence (1.3) with I = t, we get h5^(H^^) = 
H5^(M*~^/£'*^^) which results an epimorphism 

(2.10) RliM) - KiKi')- 

(iii). Assume that H^j^ ^ 0. As, by assumption dim^('H^7^) — 0, we have 
HS,(H^^) = H'm^ and so Att a(H^CH^7^)) = {m}. Now (2.10) imphes that m e 
AttA(H;(M)). 

Conversely, assume that m G Att ^(H^(Af)). By part (i), m G Att a(RI^^^^ (nij)) 
for some i, —1 < i < t~l, and thus dim a{'Hm) > t—i~l. As Ami a{T~L\[) < t— i — 1 we 
have equality dimA{T-l-\f) —t — i — 1. Note that H^j is finite and so m S Assh aCH^.i) 
(see Theorem 2.2]) from which it follows that i - i - 1 = 0, i.e. "H^iJ^ ^ 0. D 

It is well-known that Att a(H^(M)) = Assh a(M) ( Theorem 2.2]). The follow- 
ing result provides some information about Attyi(H^(M)) for certain t, in particular 
for i = d-l. 

Proposition 2.3. Assume that {A,m) is local and that Ca{M) is finite. Let t, < 
t < d, be an integer such that dim a{'H'^m) < t — i — 1, for all i > —1 (e.g. t = d — 1, 
see [H (2.7) (yH)]). Then 

t-i 
Att A(Hf„(A/)) = U {P ^ Ass A{n\j) : dim (A/p) = i - ^ - 1}. 

Proof. Assume that p e Att A(Hf^(Af)). Then p G Att A(Hj^'"^(Hiv^)) for some i, 
— 1 < i < f — 1 by Lemma 2.2(i). As dim Ai^^j) < t — i — 1, we have the equality 
dim aCH'm) = t-i-l and so p e Ass aCHm) and dim (A/p) = t- i- 1. 

Conversely, assume that —1 < ig < t — I and that p e Ass AiT^^M) such that 
dim (A/p) = t-io-l. Set d' := dimA,(Mp) and t' := t - dim (A/p). As Ca{M) 
is finite, M is equidimensional and Suppyi(Af) is catenary (c.f. |3i Corollary 2.12 
and Corollary 2.15]), we have < t' < d' . Note that CA^iMp) = (Ca(M))p so that 
{'H^m)p - ■^A/p for aU j. As dimA.iUii^) < dimA{nif) - dim(A/p) , we find that 
dim A, {nlj^ ) < t' - j - 1 for aU j > -1. On the other hand 7^^^^^ = {n^j)p ^ 0. By 
Lemma 2.2 (iii), replacing M by Mp implies that pAp G Att ^^^ (H* ^ (-^^p))- Finally 
the Weak General Shifted Localization Principle yj Exercise 11.3.8] implies that p G 
Att a(HJ^+^™'^/p(M)) that is p G Att A(H^(Af)). D 

Corollary 2.4. Assume that (A, m) is a local ring, M is a finite A-module and that 
Ca{M) is finite. Let I < d be an integer. The following statements are equivalent. 

(i) RiiM) = Oforallj,l<j<d. 
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(ii) dim Aiy^j) < I — i — 1 for all i > —1. 

Proof. (i)^=>(ii). We prove it by descending induction on I. For I — d — 1 we have 
nothing to prove (see also [121 (2-7)(vii)]. Assume that I < d — 1. We have, by 
induction hypothesis, that dim (A/f) < {I + 1) — i — 1 for all p G Supp ^(H^j) and for 
all i > —1. If, for an ideal p e Supp aC'H^j ) and an integer i, dim (A/p) = {l + l)—i — l, 
then we get p 6 Ass a(^m) ^^'^ ^'^ -HJ^^ (M) 7^ by Proposition 2.3, which contradicts 
the assumption. Therefore dim (A/p) ^ (Z + 1) — i — 1 for any p G SuppA{'H-\[) and 
all i > —1. That is dimA(H5vf) < (/ + 1) — J — 1 for all i > —1. In other words, 
dimAi'Hli) < / - i - 1 for alH > -1. 

(ii)==>(i). By descending induction on I. For I = d — 1 we have nothing to prove. 
Assume that I < d — 1. As dim a{'H\j) < I — i — I < (^ + 1)— i — 1 for all i > —1, we 
have, by induction hypothesis, that II:^^(M) = for all j, / + 1 < j < d. Moreover, 
Proposition 2.3 implies that Att a(IIJ+\M)) is empty so that H(^^(Af) = 0. D 

The following result is now a clear conclusion of the above corollary. 

Corollary 2.5. Assume that {A,m) is a local ring, M is a finite A-module which is 
not Cohen- Macaulay and that Ca{M^) is finite. Set s = 1 + sup{dim^(H5(,/) + i : i > 
-1}. Then H,^(M) ^ and H;,(Af ) = for alli,s<i< d. 

The following corollary gives us a non-vanishing criterion of 11^^{M) when Ca (M) 
is finite. 

Corollary 2.6. Assume that {A,m) is a local ring and that M is a finite A~module 
such that Ca (M) is finite. Then 

(i) Att a{K~\M)) = Ut-iiP e AssA(^k) : dim (A/p) = d-i-2}. 
(ii) H^^^M) ^ if and only if dim AiV-li) = d-i~2 for some i, -I <i < d-2. 

Proof. It is clear by Proposition 2.3. D 

3. Cohen-Macaulay locus 

Throughout this section A is a noetherian ring not necessarily local and M is a finite 
A~module. In the case A is local, we use M as the completion of M with respect to 
the maximal ideal of A. The objective of this section is to study the Cohen-Macaulay 
locus CM(M) =: {p G Spec A : Alp is Cohen-Macaulay Ap-module} of M. Our main 
goal is to find out when it is a Zariski-open subset of Spec A. We first mention a 
remark for future references. 

Remark 3.1. For a finite A-module M of finite dimension, if the Cousin complex 
of M is finite, then non-CM{M) = V{]\{Q -.a 'Hli)) so that CM{M) is open, where 

n\, = H^{CA{M)). 
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Proof. It is clear, by 114, Theorem 2.4] and [H Theorem 3.5], that CM(M) = 
Spec(^)\ U Suppa(^W)- 

i> — l 

a 

The fonowing lemma shows that the Cohen-Macaulay locus of a finite module is 
open if it is true for certain submodules of M. 

Lemma 3.2. Let A be a noetherian ring, let M be a finite A-module, and let 
S = {T C MinA(A^)-' there exists q £ Supp^(M) sucti that ht (q/p) is constant for all 
p G T}. For each T ^ S , we assign a submodule M'^ of AI with Ass a{M'^) — T and 
kssA{M/M^) = Ass a(M) \ T. Then 

CM(M) = U (CM(Af^) \ U ,,,,^np))- 

^g peAss a{M)\T 

Proof. For each T £ 5, it is clear that 

Supp A (M/M"^) = U V(p). 

peAss a{m)\t 

Let q e CM(M) and set T -.^ {^ n A : ^ e Ass a,{M^)}. As M^ is Cohen- 
Macaulay, ht(q/p) = dim^(Afq) for aU p G T' and so T' e 5. We claim that 
q ^ Supp AiM/M'^ ). Assuming contrary, there is p G Ass a (Af/Af^ ) such that 
p C q. Hence fAq G Ass A^{Mq)) which implies that p G T'. This contradicts with 
the fact that Ass ^(Af/Af-^ ) = AsSyi(Af) \ T' . Therefore from the exact sequence 

(3.1) — > M^' — > M — > M/M^' — > 

we get (Af^')c = M^ so that q G CM(Af^'). 

Conversely, assume that T e S and that q G CM(Af'^) \ U V(p). That 

peAss a{m)\t 

is (Af^)q is Cohen-Macaulay and q ^ Supp ^(Af/Af^). Therefore Afq is Cohen- 
Macaulay by (3.1), replacing T by T' . D 

Note that if A/0 -.a M is catenary, then each module M"^ in the above lemma is 
an equidimensional A-module. Therefore one can state the following remark. 

Remark 3.3. If A is catenary and CM(A^) is open for all equidimensional submodules 
N of A/, then CM(Af ) is open. 

It is now a routine check to see that, over a local ring with Cohen-Macaulay formal 
fibres, the Cohen-Macaulay locus of any finite A-module is open. 

Remark 3.4. Assume that A is a noetherian local ring such that all of its formal 
fibres are Cohen-Macaulay. Then the Cohen-Macaulay locus of any finite A-module 
M is a Zariski-open subset of Spec A. 
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Proof. Equivalently, we prove that Min (non-CM(M)) is a finite set. Choose p G 
Min (non-CM(M)) and let £3 be a minimal member of the non-empty set {q G 
Supp^(M) : q n A ~ p}. Since the formal fibre of A over p is Cohen-Macaulay, 
Mq is not Cohen-Macaulay by the standard dimension and depth formulas. On the 
other hand, for each q G Supp ^(M) with q C £) we have q H A C p and so Mq 
is Cohen-Macaulay again by the standard dimension and depth formulas. Hence 
Q GMin(non-CM(M)). 

Therefore, it is enough to show that Min (non-CM(M)) is a finite set, equivalently 
CM(Af) is open. As A is catenary, we may assume that M is equidimensional A- 
module by Remark 3.3. Finally, Hj Theorem 5.5] implies that C^{M) has finite 
cohomologies and so CM(M) is open by Remark 3.1. D 

One may ask that, in Remark 13. 4[ what condition can be replaced instead of the 
Cohen-Macaulay-ness of all formal fibres. We are going to introduce another such 
class of rings. 

In [T71 Theorem 3.2], it is shown that a finite dimensional ring A has a uniform 
local cohomological annihilator if and only if A is locally equidimensional and A/p has 
a uniform local cohomological annihilator for all p G Min (A) . The module version of 
[T71 Theorem 3.2] is also true. 



Proposition 3.5. Let A be a ring and M he a finite A-module of finite dimension 
d. Then the following conditions are equivalent. 

(i) M has a uniform local cohomological annihilator. 

(ii) AI is locally equidimensional and A/p has a uniform local cohomological an- 
nihilator for all p G Mm a{M) . 

Proof, (i) => (ii). By |21 proposition 2.11], M is locally equidimensional. Let p G 
Mm a{M). Then jj— m/qT"^ — A/p has a uniform local cohomological annihilator 
as in the proof of [S] Theorem 2.14]. 

(ii) ^ (i). This is a straightforward adaptation of JJj Theorem 3.2]. D 

In the following, we give a characterization for a module to have a uniform local 
cohomological annihilator in terms of the sets of attached primes of local cohomology 
modules. 

Lemma 3.6. Assume that (A, m) is local and that AI is a finite A-module of di- 
mension d. Then AT has a uniform local cohomological annihilator if and only if 
Att A(HJ^(M)) n Min a(M) ^ for all i = 0, . . . ,d - 1. 
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Proof. Assume that M has a uniform local cohomological annihilator. Therefore there 

is an element x E A\ [J p satisfying a;Hj^(M) = for all i — 0, . . . ,d — 1. 

peMin^(M) 
Thus, by pj Proposition 7.2.11], x £ f] q for all < i < d - 1. Now the 

qeAtt^(H'„(M)) 
claim is clear. 

Conversely, we first note that if p G Att a(HJ^(M)) then :a M C :a HJ^(M) C p 
which gives p G Supp^(M). Therefore, by [U Proposition 7.2.11] and prime avoid- 
ance, our assumption implies that nfrf|(0 i^i H' (A/)) ^ Up. D 

peMin a(M) 

The following lemma is straightforward and we give a proof for completeness. 

Lemma 3.7. Assume that A is a noetherian local ring and that M is a finite A- 
module. 

(a) //Q e Min;j;(M), then e Mm ^{A/iY"). 

(b) // A is universally catenary and M is equidimensional, then M is equidimen- 
sional as A-module. 

Proof, (a). It follows that £f e Min^(Af) by the Going Down Theorem. Assume 
that 0' e Min^(A/0'='=) such that 0' C 0. The exact sequence — > A/Q" — > M 
implies the exact sequence — > A/Q'^'^ — > M. Therefore 0' £ Ass^(M) and so 
0'-0. 

(b). Assume that e Min;j(M). By the Going Down Theorem, 0= e Min^CAf) 
from which we have dini^(A/0'^'^) = A\v[\A{A/£f) — dimyi(M). As, by part (a), 
G Min^(A/0'^'^) and using the fact that A/0'^ is formally equidimensional, we get 
dim (1/0) = dim jj(l/0=^) which implies that dim (A/0) = dim ^(M). D 

To prove our main result. Theorem 3.13, we need to know the properties of a 
generalized Cohen-Macaulay module in terms of certain prime ideals p which A/p has 
uniform local cohomological annihilators. In this connection, we will prove that "a 
local equidimensional ring A is generalized Cohen-Macaulay if and only if A/p has 
uniform local cohomological annihilators for all p e Spec A and non-CM(M) C {m}" 
(see Corollary 3.12) which is interesting on its own. 

Recall the following definition. 

Definition 3.8. A finite module M over a local ring (A,m) with d = dim^(M) is 
called a generalized Cohen-Macaulay (g.CM) module whenever m"Hj^(M) = for 
some n G N for all i < d. The module M is called quasi- Buchsbaum whenever 
mRl^{M) = for all i < d. 

The following remark is easy but we bring it here for completeness and future 
reference. 



COHEN-MACAULAY LOCUS 11 

Remark 3.9. Assume that {A,m) is local. 

(a) A finite A-module M is g. CM if and only if all cohomology modules of Ca{M) 
are of finite lengths. 

(b) A finite A-module M is quasi- Buchshaum module if and only if Ca{M) is 
finite and mH^j — for all i. 

Proof, (a). Assume that M is g.CM. By [1] Exercise 9.5.7], we have Afp is Cohen- 
Macaulay for ah p e Snpp a{M) \ {m}. So that Snpp Ai^-M) ^ {nt} (16, Example 
4.4]) and, by Lemma 2.1, the resuh fohows. The converse is clear by Lemma 2.1. 
(b). It is similar to (a). D 

Remark 3.10. Let (A, m) be a g.CM local ring. Then A/p has a uniform local 
cohomological annihilator for all p G Spec (A) . In particular, any equidimensional 
A-module M has a uniform local cohomological annihilator. 

Proof. Let p e Spec (A). Assume that ht (p) = 0. As yl is g.CM, A has a uniform local 
cohomological annihilator and thus A/p has a uniform local cohomological annihilator 
by [T71 Theorem 3.2]. Assume that htM(p) = t > 0. There is a subset of system of 
parameters xi,. . . ,Xt oi A contained in p. By [3 Exercise 9.5.8], A/{xi, . . . ,xt) is 
g.CM and so it has a uniform local cohomological annihilator. In particular A/p 
has a uniform local cohomological annihilator by |17[ Theorem 3.2]. The final part 
(immediately) follows from Proposition 3.5. D 

The following result provides an answer to a partial converse of the above state- 
ment. 

Lemma 3.11. Assume that (A, m) is a local ring such that A/p has a uniform local 
cohomological annihilator for all p £ Spec A. For a finite A-module M the following 
statements are equivalent. 

(i) M is equidimensional A-module and non-CM{M) C {m}. 

(ii) M is a g.CM module. 

Proof. Note that A/p A has a uniform local cohomological annihilator and so A/p is 
formally equidimensional. Thus, by [5J Theorem 31.7], A is universally catenary. 

(i)^ (ii). Since HJ„(A'f) ^ HJ^(M/rm(M)) for i > 0, we may assume that 
Tm{M) = and so tn ^ AssAiM). As, for each p e Ass a^M), Mp is Cohen- 
Macaulay, so Ass a{M) = Mm a{M). Thus 'H]J^ = (see [HI Example 4.4]). Since 
M is equidimensional and A/p has a uniform local cohomological annihilator for all 
p e Min^(Af), M has a uniform local cohomological annihilator by Proposition 13.51 
and so A/{0 -.a M) is universally catenary by [Sj Theorem 2.14]. As a result. Lemma 
13.71 implies that M is equidimensional. Hence C^{M) is finite by [7, Theorem 5.5]. 
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Now, we prove the statement by using induction on d — dim AiM) . For d — 2^ we 
have, by CoroUary 2.6, that 

Att;j(Hl,(M)) ^{pe Ass^in^^) : ht ^^(p) = 1} U {p £ Ass;j(7^5^) : ht jj(p) = 2}. 

If p e Ass^('H^^) with ht jy.(p) = 1, then p G Ass^(Af) and so p^ G Assa(M) = 
MinA(M). On the other hand, since p G Att ^(h1^(M)), p= G Att a(H;^(M)) by [151 
Lemma 2.1] which contradicts with Lemma [3.61 Hence Att^(Hi^(M)) C {jri} and 
there exists an integer n such that m"R^{M) = by 1, 7.2.11] and so H^(M) 0^ A 
is finite yl-module. It imphes the first step of the induction. 

Now assume that d > 2 and the statement holds up to d—1. Let x be a uniform local 
cohomological annihilator of M. Since Mm a{M) — Ass a{M), a; is a nonzero divisor 
on M by using its definition. On the other hand, as A is catenary, it is straightforward 
to see that M/xM satisfies the induction hypothesis for d— 1. Therefore, ^'^^{M / xM) 
is finite for all i < d—1. The exact sequence — > M — > M — > M/xM — > 
implies the long exact sequence 

> RUM) ^ E^{M) -^ RUM/xM) ^ R^^'iM) -^ R^^'iM) -^ • • ■ . 

Since xH^(Af) = for j < d, we get the exact sequence — > IIJ,,(Af) — > 
HJ^(M/a;M) — > HJ,+i(A/) — ^ 0, for i = 0, . . . , d - 2. Now the resuh follows. 

(ii)^(i) is clear. D 

Now we can state a criterion for an equidimensional local ring to be a g.CM ring 
in terms of uniform local cohomological annihilators. 

Corollary 3.12. Assume that A is an equidimensional noetherian local ring. The 
following statements are equivalent. 

(i) A IS g.CM. 

(ii) A/p has a uniform local cohomological annihilator for all p G Spec A and 
non-CM{A) C {m}. 

Proof, (i)^(ii). We know that A^ is Cohen-Macaulay for all p G Spec A \ {m}, by [U 
Exercise 9.5.7]. The rest is the subject of Remark 13.101 

(ii)=^(i) is immediate from Lemma 13.111 D 

We are now able to prove that any minimal element of non-CM(Af) is either an 
attached prime of IIJ^(Af ) for some i or Ap is not a Cohen-Macaulay ring. 

Theorem 3.13. Assume that (A, m) is a catenary local ring and that M is a finite 
equidimensional A-module. Then 

Min(Kon-CM(M)) C U Att a(H* (Af))Unon-CMM). 

0<i<dim A(Jl-f) 
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Proof. Choose p S Min (non-CM(M)). As A is catenary and M is equidimensional, 
-Mp is also equidimensional as Ap-module. Assume that A^ is a Cohen-Macaulay 
ring. For each q G Spec (A) with q C p, Ap/qAp has a uniform local cohomological 
annihilator (c.f. [17, Corollary 3.3]). Therefore, by Lemma 13.111 Mp is a g.CM 
Ap -module. As Mp is not Cohen-Macaulay, Hp^ (-Mp) 7^ for some integer i, i < 
dim yip (Mp). In particular, H*^ {Mp) is a non-zero finite length Ap-module so that 
AttAp(H;^p(Mp)) = {pAp}. By [H Exercise 11.3.8], p £ Att a(HJ^*(M)), where 
t = dim(A/p). Now the result follows. D 

Corollary 3.14. Assume that {A, m) is a catenary local ring and that the non-CM{A) 
is finite (e.g. A may satisfy Serre condition {Sd-2), d := dim A, and CaIA) is finite). 
Then the Cohen-Macaulay locus of M is open for any finite A-module M. 

Proof. By Lemma |3.2[ we may assume that M is equidimensional. Now 13.1^ implies 
that Min (non-CM(M)) is a finite set. In other words the non-CM(A/) is Zariski 
closed subset of Spec (A) . D 

In the following examples, we show that Remark 3.4 and Corollary 3.14 are sig- 
nificant. Example 3.15 gives a local ring S with Cohen-Macaulay formal fibres and 
the set non-CM(S') is infinite. Example 3.16 presents a local ring T which admits a 
non-Cohen-Macaulay formal fibre with finite non-CM(T). 

Example 3.15. Set S = k[[X,Y, Z,U,V]]/{X) D (r,Z), where fc is a field. It is 
clear that S* is a local ring with Cohen-Macaulay formal fibres. By [51 Theorem 
31.2], there are infinitely many prime ideals P of k[[X, Y, Z, U, V]], {X, Y, Z) C P C 
{X,Y, Z,U,V). For any such prime ideal P, Sp- is not equidimensional and so it is 
not Cohen-Macaulay. In other words, non-CM(S') is infinite. 

Example 3.16. It is shown in [4, Proposition 3.3] that there exists a local integral 
domain {R,m) of dimension 2 such that R = C[[X,Y, Z]]/{Z'^,tZ), where C is the 
field of complex numbers and t = X + Y + Y'^s for some s G C[[y]]\C{y}. As AssR = 
{(Z),(Z,i)}, R does not satisfy {Si). Thus H-\C{R)) ^ while H-^{C{R)) = 
(c.f.|16[ Example 4.4]). By [lOl Theorem 3.5], there exists a formal fibre of R which is 
not Cohen-Macaulay. As R is an integral local domain, we have non-CM(_R) — {m}. 

4. Rings whose formal fibres are Cohen-Macaulay 

Throughout this section {A, m) is a local ring and M is a finite A-module of 
dimension d. It is shown in section 3 that over a ring A with Cohen-Macaulay formal 
fibres the Cohen-Macaulay locus of any finite A-module M is a Zariski-open subset 
of Spec A (Remark 3.4). This result motivates us to determine rings whose formal 
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fibres are Cohen-Macaulay. More precisely, we study tlie affect of certain fornial fibres 
being Cotien-Macaulay on the structure of a module. 

In the following we first write a statement which summarizes the results [3", Corol- 
lary 2.3, Corollary 2.4, Lemma 2.5, Proposition 2.6, and Theorem 2.7]. We denote 

Theorem 4.1. Assume that M is a finite A-module with dimension d. Then 

d-l 

n (0 --A n\,) C a(M). 
Moreover, if Ca{M) is finite, then 

d-l 

UiO-.A-Hlj)^ U ,„,P' 

-'■-'- peMin^f^Af) 

i— — 1 

where H^j denotes the ith cohomology module of the Cousin complex Ca{M). 

The following result gives a characterization of a finite module which admits a 
uniform local cohomological annihilator in terms of a certain set of formal fibres of 
the ground ring. 

Theorem 4.2. The following statements are equivalent. 

(i) M is equidimensional A-module and all formal fibres of A over minimal mem- 
bers of Supp A (M) are Cohen-Macaulay. 
(ii) M has a uniform local cohomological annihilator. 

Proof. (i)=>(ii). By [71 Theorem 5.5], C^{M) is finite, which implies that Min (non- 
CM(M)) is a finite set (see Remark 3.1). Thus Theorem 4.1 implies that 

(4.1) n _ q 2 U _q. 

qGUOn-CM (M) qGMin;j(M) 

We show that ( fl __ q) n A ^ U p. Otherwise, by the finiteness 

qGnon-CM(M) peMinA(M) 

of Min(non-CM(M)) there is p e MinA(M) such that p == q n A for some q G 

non-CM(M). Note that Ap — > {A)q is a faithfully flat ring homomorphism and its 

fibre ring over pAp is {{Ap/pAp) ®a ^)q which is Cohen-Macaulay by our assumption. 

Therefore, by the standard dimension and depth formulas, Mp is not Cohen-Macaulay. 

This contradicts with the fact that dim^^ (-^^p) = 0. 

Thus we take an element 7'G( n _q)nA\ U p. By Theorem 

qenon-CM(M) peMinA(Ji-f) 

4.1, r"H^(M) — for some positive integer n and for all < i < dimyi(A/). As 
R^iM) = HJ„(A/) the claim follows. 
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(ii)=>(i). As M has a uniform local cohomological annihilator, M admits a miiform 
local cohomological annihilator too so that M is equidimensional. Assume that p G 
Min^(M). We are going to show that {Ap/pAp) ®a A is Cohen-Macaulay. It is 
well known that (Ap/pAp) iS>a A = S'^^(A/pA), where S is the image of yl \ p in 
A. Therefore we are going to show that {S~^{AlpA))s-i^ is Cohen-Macaulay for all 
q G Spec A with S'nq = 0. It is enough to show that [AjpA)^ is Cohen-Macaulay ylq- 
module. By Proposition 3.5, Ajp has a uniform local cohomological annihilator and 
hence Ajp A has a uniform local cohomological annihilator which, in particular, implies 
that Ajp A is equidimensional. Assume, contrarily, (A/pA)q is not Cohen-Macaulay. 
We may assume that q e Min (non-CM [Ajp A)) and that (q n A) n (A \ p) = 0. In 
other words, non-CM {(AjpA)^) = {q^q} and q n A = p. 

Let us replace A and M in Lemma 3.11 by Aq and (A/pA)q, respectively. As 
C^(l/q') is finite (c.f. [3 Theorem 5.5]) for ah q' G Sped so that C^ (Aq/q'Aq) 
is finite. Therefore ylq/q'^q has a uniform local cohomological annihilator as Aq- 
module for aU q' G Spec A with q' C q (c.f. [3, Theorem 2.7]). As (A/pA)q is 
equidimensional, we can apply Lemma 3.11 to deduce that (A/py4)q is a g.CM as 
Aq-module. In particular, H*^ ((A/pA)q)) is a non-zero Aq-module of finite length 
for some i < dim(A/pA)q for which we get Att^ (H*^ ((A/pA)q)) = {q^q}. Now, 
[U Exercise 11.3.8] implies that q G Att ^(iit{A/pA)) for some j < dimy4/p which 
gives p = q n A G Att a(H^(^/p))- This contradicts with Lemma 3.6. D 

The following result shows that if all formal fibres of a ring A are Cohen-Macaulay 
then A is universally catenary if and only Ca{A/p) is finite for all p G Spec A. 

Corollary 4.3. The following statements are equivalent. 

(i) A is universally catenary ring and all of its formal fibres are Cohen-Macaulay. 
(ii) The Cousin complex Ca{A/p) is finite for all p G Spec (A). 
(iii) A/p has a uniform local cohomological annihilator for all p G Spec (A) . 

Proof. (i)=>(ii) is clear by [7, Theorem 5.5]. 

(ii)^(iii) is clear by Theorem 4.1. 

(iii)=>(i). To see A is universally catenary we may argue as the beginning of the 
proof of Lemma 3.11. The rest is clear by Theorem 4.2. 

D 

Our final goal is to investigate the relationship between non-CM(Af ) and V(a(M)). 
We win see that non-CM(M) = V(a(M)) whenever Ca{M) is finite. However, the 
following statement holds true whenever CAiM) is not finite. 

Remark 4.4. non-CM{M) C V{a.{M)). 
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Proof. Let d :— dimM. Choose p enon-CM(Af) and assume contrarily that a(Af) ^ 
p. Then by pQ Theorem 9.3.5] 

d = /m^*^'(Af) < \^^'^\m) < depth Mp + dim A/p < dim Afp + dimA/p < d, 

where 



f^^''\M) = inf{* e N : a(Af) ^ ^{0 :^ H^(Af))} 

and 

Am'^^^Af) = infjdepthAfp +dimA/p : p e SpecA \ V(a(Af))}. 

Hence depth A/p ~ dim A/p that is contradiction. D 

Corollary 4.5. ^ssurree that M is a finite A-module of dimension d and that Ca{M) 
is finite. Then 

yiUt-iiO -A nil)) =non^CM{M) = V{a{M)). 

Proof. The first equality is in Remark 3.1. The second inequality is clear by Remark 
mi and Theorem mH D 

For our final goal, i.e. to characterize those modules M with non-CM(Af) = 
V(a(Af)), we need to characterize those prime ideals p such that A/p has a uniform 
local cohomological annihilator (see also Corollary 4.3). 

Proposition 4.6. Assume that p G Spec A. A necessary and sufficient condition 
for A/p to have a uniform local cohomological annihilator is that there exists an 
equidimensional A-module M such that p G Supp^(Af) \ V{a,{M)). 

Proof. The necessary condition is clear by taking M :— A/p. For the converse, assume 
that there is an equidimensional A-module M such that p G Suppyi(^) \ V(a(A/)). 
We prove the claim by induction ox\ h :— htM(p)- When /i = 0, we have p G 
M.\-a.A{M). Choose a submodule N of M with Kss a{N) = {p} and Assa{M/N) = 
Ass^(Af) \ {p}. It is clear that {M/N)^ = so that r{M/N) = for some r G A \ p. 
On the other hand the fact that a(Af ) % p implies that there is s G A \ p such that 
sHJ„(Af) = for all i < dim a{M). The exact sequence Rl^^M/N) — > K,{N) — > 
HJ^(Af) implies rsHJ^(iV) = for ah i < diuiAiN). As p G MinAiN), A/p has a 
uniform local cohomological annihilator by Proposition 13.51 

Now assume that h> 0. For any q G Supp a{M) with q C p we have q ^ V(a(A4^)) 
so that A/q has a uniform local annihilator by induction hypothesis. As p ^ V(a(Af )), 
Afp is Cohen-Macaulay by Remark [4.4l Choose a submodule K of A/ with Ass a (K) — 
MinA(A/) and Ass a{M/K) = Ass A(Af)\MinA(A//). If p G Snpp a{M/K) then there 
is q G Ass a{M/K) with q C p. Therefore q G Ass a{M) and q ^ Min^(A/). As Afp is 
Cohen-Macaulay, so is Afq which gives q G Min^(Af), which is a contradiction. Hence 
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we have p ^ Supp a{M/K) which yields r{M/K) — for some r e A \ p and so, by 
applying local cohomology to the exact sequence — > K — > AI — > M/K — > 0, it 
follows that a.{K) % p. As Afp = A'p, Kp is Cohen-Macaulay and ht ^^(p) > 0, there 
is a; € p which is non-zero divisor on K. The exact sequence — > K — ;■ K — > 
K/xK — > implies that a{KY ^ a{K/xK) which implies that a.{K/xK) % p. As 
hi k/xk{v) < ^i A/p has a uniform local cohomological annihilator by the induction 
hypothesis. D 

In Corollary 14.51 it is shown that, for a finite A-module M, non-CM(A/) = 
V(a(M)) whenever Ca{M) is finite. In the following we characterize those modules 
satisfying this equality without assuming that the Cousin complex of M to be finite. 

Theorem 4.7. For an equidimensional A-module M , the following statements are 
equivalent. 

(i) A/q has a uniform local cohomological annihilator for all q G CM(A/). 
(i') A/qA is equidimensional A-module and the formal fibre ring (A^/qAq) Cg)^ A 

is Cohen-Macaulay for all q e CM(M). 
(ii) non-CM(M) = V{a{M)). 
(iii) non-CM{M) D V{a{M)). 



Proof. The equivalence of (i) and (i') is the subject of Theorem [ 

(i)=^(ii). The inclusion non-CM(M) C V(a(M)) is clear by Remark l44l 
Now assume that p 3 a(A/). Thus there is an integer i, < i < d, such that 
P20-A HJ^(M). There is G Att j^(ff^{M)) with q:= AnQe Att a(H;^(M)) and 
p D q. To show p Gnon-CM(M) it is enough to show that q Gnon-CM(M). Assuming 
contrarily, q G CM(M), A/q has a uniform local cohomological annihilator by our 
assumption and so the formal fibre fc(q) (E)aA is Cohen-Macaulay, by Theorem l4.2l As 
the map Aq — > Aq is faithfully fiat ring homomorphism, we find that k{q) (S)a^ Aq is 
also Cohen-Macaulay. Therefore the standard dimension and depth formulas, applied 
to the faithfully flat extension A^ — !■ Aq, implies that Mq is Cohen-Macaulay. 
On the other hand, A/x: has a uniform local cohomological annihilator for all r G 
Min^(M) (simply because in this case M^ has zero dimension and so r G CM(M)). 
Thus, by Proposition 13. 5[ M has a uniform local cohomological annihilator and so 
does M. Therefore, by [S] Corollary 2.12], M is equidimensional. Thus [3 Theorem 
5.5] implies that the Cousin complex C^{M) is finite. As G Att^(H~(M)), we 
have, by Corollary 14. 5[ £3 Gnon-CM(M). This is a contradiction. 

(iii)=>(i). Assume that q G CM(M) so that q ^ a(Af) by our assumption. Now 
Proposition 14.61 implies that A/q has a uniform local cohomological annihilator. D 
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